Abstract. In this paper we study the dimension of some measures which are related to the classical Monge's optimal mass transport problem and are solutions of a scalar shape optimization problem. Moreover in the case of maximal dimension we will study the summability of the associate densities.
Introduction
In this introductory section we briefly describe the Monge-Kantorovich problem, the shape optimization problem and the connections between them.
The Monge-Kantorovich problem
This problem can be formulated in a very general setting, hence in this section M will be a metric space equipped with a distance d. In the rest of the paper, however, the ambient space will be an open, bounded and convex subset Ω of R N equipped with the euclidean distance.
Given two positive measures f + , f − on M of equal total mass, the transport problem consists in finding, in the set of measurable maps ϕ : M → M such that ϕ # f + = f − (where ϕ # is the push-forward of any measurable mapping ϕ : M → M ), the minimum of the "work" functional
where d is the distance on M . Each of the admissible maps ϕ can be thought as a way to transport f + on f − and then will be called a transport. The set of such transports can be empty, as it happens for example for f + = δ 0 and f − = (δ 1 + δ −1 )/2. A weak formulation of Monge's problem is the following:
( 1. The set of the measures γ admissible for (1.2), we will call each of them a plan of transport, is not empty as it always contains at least
It is a standard fact that if M is compact (1.2) has solution.
To each transport ϕ one can associate the plan of transport
, then the minimum in (1.2) is smaller than the infimum of (1.1). If the ambient space is an open, bounded and convex subset Ω of R N and f + has no atom the equality holds (see [14] and [1]), but in general the strict inequality can hold: this happens obviously when the set of transports is empty, but also in less trivial cases.
An optimal map ϕ for problem (1.1) will be called an optimal transport, while an optimal measure γ for problem (1.2) will be called an optimal plan of transport because (x, y) ∈ spt(γ) means, in some sense, that part of the mass in x should be moved in y in order to minimize the work.
The shape optimization problem
Let Ω be an open, bounded subset of R N and assume that we are given an heat source f and a certain amount m of a conductor C (i.e. a material with a positive conductivity coefficient). What is the best way to distribute C in the assigned region Ω? The optimality criterion we will accept is that of the minimal "compliance". Taking as a model for the distribution of C a nonnegative bounded measure µ in Ω such that Ω dµ = m, the energy associated to a smooth distribution of temperature u ∈ D(Ω) is given by:
For an assigned distribution µ of material let us define the following quantity
the quantity −C(µ) is usually called compliance. There exists an equilibrium temperature u µ (not necessarily smooth) which realizes min u E(µ, u) = C(µ), where E is the relaxed energy of (1.3) that we will write explicitely in (2.2). A distribution µ 1 of material is better than µ 2 if C(µ 1 ) > C(µ 2 ), therefore it is natural to look for the maximum of C(µ). It turns out (and we will see it in Sect. 3) that the problem formula (1.6) was proved in [5] , while the duality argument is standard.
